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Abstract
Using a real options approach, we investigate the investment decision problem of an
R&D decision maker, focusing on the valuation of the R&D project and the optimal
trigger to start investing in R&D. We nd that there are two cases. In one case, the in-
vestment trigger for the R&D project is lower than the exercise trigger for the generated
option. In the other case, the investment trigger for R&D is higher than the exercise
trigger for the option, thus investment in the R&D project is delayed . We nd a crite-
rion that determines which scenario may happen. We nd that the cost of investment
and probability of success have a signicant eect on determining whether the trigger
for investment in R&D will be higher or lower than the exercise trigger for the option.
When the investment trigger is too high, this may lead to an under-expenditure in R&D.
These ndings may help shed insight into why rms themselves may have reasons to
have less expenditure in R&D than is socially optimal.
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Research and Development (R&D) is a signicant factor in the survival of a rm. Firms must
continuously strive to improve their products and procedures or develop new products to stay
competitive and to meet the changing demands of consumers. Often, the timing of starting
to invest in an R&D project will be an important decision for rms. If the investment is made
too late, ceteris paribus, the R&D project may become obsolete because of competition.
The eld of real options analysis has grown tremendously during the past 26 years since
the seminal papers of Brennan and Schwartz (1985) and McDonald and Siegel (1986), and has
been proven to be excellent in the modeling of R&D. Real options analysis helps formulate
real world investment opportunities as options. However, most of the studies using real
options analysis for the modeling of R&D have focused on the valuation of R&D projects,
and not many have explored the problem of the optimal trigger to start investment in R&D.
I attempt to contribute to the literature by obtaining a closed form solution for a rm's
optimal trigger to begin investing in R&D. I also examine the factors a rm would face in its
decision to invest in R&D and study how they would aect the timing of R&D investment.
Particularly, I investigate the response behavior of the optimal trigger to changes in the cost
of investment, the expected growth rate and volatility of the cash ows, the discount rates
and probability of R&D success.
I choose to follow the ideas of Dixit and Pyndick (1995) about R&D creating an option:
Sometimes when an investment that appears uneconomical when viewed in iso-
lation may, in fact, create options that enable the company to undertake other
investments in the future should market conditions turn favorable. An example
is research and development. (Dixit and Pyndick 1995, p 107)
The decision maker of the project must choose an optimal timing to begin an irreversible
investment in R&D, given several parameters. If the decision to invest in the R&D project is
made, then the project will generate an opportunity to produce the newly developed product
with some probability. The production opportunity will be analogous to an American call
option on the present value of a stream of unknown cash ows generated by the investment
opportunity. For instance, R&D for a pharmaceutical rm may result in the development
of a new drug. The new drug may be entered into the market and generate a stream of
cash ows, but there will be a xed cost associated with the entrance into the market (for
instance, building a factory). However, the market circumstances may not always be favorable
to enter the drug into the market. Thus, the rm would have an American call option on
when to let the drug enter the market stage. Because of this setup, two optimal triggers must















A particular point of interest is the criteria that may make a decision maker choose to
invest later than usual or not at all. I nd that given our model, two scenarios happen. In
one scenario, the investment trigger for the R&D project is lower than the exercise trigger
for the option. In the other case, the investment trigger for R&D is higher than the exercise
trigger for the option. The second case implies that the rm would not start R&D until the
market is mature enough so that high levels of prot can be expected.
We nd a criterion composed of known parameters that determines whether the invest-
ment in R&D will be made earlier or later. We show how each parameter may aect the
decision to invest in R&D earlier or later.
The rest of the paper is organized as follows. Section 2 reviews the existing literature.
Section 3 describes the basic model underlying the problem, and gives the objective function
of the decision maker. Section 4 derives the Hamilton-Jacobian-Bellman equations, and solves
for the value functions and optimal investment trigger for R&D. Section 5 summarizes the
results, and gives comparative statics. Section 6 concludes the paper, and suggests several
possibilities for future research.
2 Previous Work
2.1 Literature on modeling investment under uncertainty as real
options
Brennan and Schwartz (1985) provided a foundation for an early real options model. They
apply a real options model to value mines. Later, McDonald and Siegel (1986) provides the
standard continuous-time framework for analysis of a rm's investment in a single project.
Majd and Pindyck (1987) solve an investment problem in which the project requires a
xed total investment to complete. The uncertainty in their model comes from the stochastic
evolution of the value of the project upon completion. There is no technical risk. The paper
focuses on how the decision to invest or wait varies with the parameters and the single state
variable in the model.
Pindyck (1993) proposes the framework of market uncertainty and technical uncertainty.
In this model revenues are xed and costs are driven by market and technical uncertainty.
However, his model does not make any distinction between the development and commercial
stages of a project.
Childs and Triantis (1999) models dynamic R&D investment policies, and solves for the
valuation of R&D programs in a contingent claim framework. They focus on the simulating
the interaction between R&D projects which can be run sequentially or in parallel, and
which also may be accelerated, put on hold, or terminated prematurely. The eects of














They discretize the benets from R&D as a trinomial lattice and uses simulation to analyze
optimal policies given various parameters.
Berk et al (2000) analyze a multi-stage single R&D project, where the process under-
lying the cash ows the project will generate is exogenous. In each stage, an investment
must be made to keep the project active, and if the investment is made, the project will
advance to the next stage with some probability. This paper focuses on four sources of risk:
technical uncertainty, risk associated with the ultimate cash ow, the risk of competitive
threat or obsolescence, and learning-by-doing. Technical uncertainty regarding success or
failure is idiosyncratic for each stage. The risks associated with the ultimate cash ow have
a systematic component. Learning-by-doing signies that uncertainty of the probability of
success is only resolved by actually investing and observing the outcomes, and is modeled
in a Bayesian updating fashion. This paper studies the interactions of these sources of risk
and the eect on risk premia. Obtains a closed-form solution in the absence of learning, and
analyzes simulation results when learning is incorporated.
Schwartz and Moon (2000) also use continuous time methods to evaluate numerically R&D
as a contingent claim on the value of benets created. Like Berk et al (2000), they allow for 3
types of uncertainty: technical uncertainty, risk associated with ultimate cash ow, and risk
of obsolescence. They solve for optimal policies, obtain comparative statics, and compare
results with those expected using an NPV approach. This paper diers in methodology from
the Berk et al (2000) paper in that instead of modeling technical uncertainty by taking the
technology for advancing stages exogenously, Schwartz and Moon model the expected cost
to completion as an exogenous stochastic process with drift and diusion coecients which
depend on the level of investment.
Schwartz and Zozaya-Gorostiza (2003) develop two models for the valuation of IT invest-
ment projects using the real options approach. The projects are categorized into development
and acquisition projects, depending upon the time it takes to start beneting from the IT
asset once the decision to invest has been taken (acquisition projects are instantaneous, while
development projects have an unknown duration). The models account for uncertainty both
in the costs and benets associated with the investment opportunity. The stochastic cost
function for IT development projects incorporates the technical and input cost uncertainties
of Pindyck's model (1993), but also considers the fact that the investment costs of some IT
projects might change even if no investment takes place. In contrast to other models in the
real options literature in which benets are summarized in the underlying asset value, their
model for IT acquisition projects represents these benets as a stream of stochastic cash
ows.
Sadowsky (2005) uses a real options approach to value pilot project investments that help
reduce idiosyncratic uncertainty with respect to the nal costs of a project. In their one period














driven by tradable market uncertainty, while the costs of the project in the commercial stage
are driven by both tradable market uncertainty and idiosyncratic technical uncertainty, which
is driven by the amount invested in the project. Both aect the value of the project. Learning
is incorporated using a proportionality assumption between investment in the development
stage and resolution of technical uncertainty, and determines whether there are increasing or
decreasing marginal returns to the investment during the pilot stage.
Grenadier and Wang (2007) uses the real options framework to model the investment tim-
ing decisions of entrepreneurs with time-inconsistent preferences (or hyperbolic discounting).
They compare the timing decisions of entrepreneurs who are naive or sophisticated in their
expectations regarding their future time-inconsistent behavior. For both types, they examine
and compare the eects of time-inconsistent preferences on the timing of exercise when the
returns on the investment arrive in a lump sum or a stream of cash ows. They extend the
model to examine equilibrium behavior of an industry comprised of such time-inconsistent
entrepreneurs, where entrepreneurs play dynamic games not only with competitors but also
with their future selves.
Weeds (2002) also performs a study on the strategic value of delay of a real option. In her
study however, she studies two competing rms with two competing research projects under
a winner-takes-all patent system (see Weeds (2002), Abstract) and the eects it would
have on the equilibrium investment decisions and the value of the real option. This diers
from this study as this study focuses on one rm and the eect of parameters of an R&D
project that may cause delay in investment. She nds two cases depending on the parameter
values. In one equilibrium the rms invest sequentially. In the other case, both rms invest
simultaneously. However, in this non-cooperative case, the investment is delayed because the
rms do not want to provoke a patent race. Her model is similar to most models in R&D
literature, in that she assumes the sources of uncertainty arise from technological uncertainty
and the uncertainty associated with the stochastic value of the patent.
3 Methodology
Consider a rm which has one R&D project. Following the ideas raised by Dixit and Pindyck
(1995), we hypothesize that after the success of R&D, the rm will have an opportunity to
receive a stream of cash ows after incurring a xed cost (for example, they may incur costs
to build a factory to produce the newly developed product, whose sales will return a stream
of cash ows). However, the rm does not have to start production immediately after success
of R&D. It may choose when to start producing, in order to maximize the present value of
the cash ows. Thus, the production opportunity is analagous to an American call option
on the present value of the cash ows.














american option. However, the decision maker can also choose when to start investment in
R&D, in order to maximize the total expected prots compared to the total expected costs
of R&D investment. This production opportunity is analogous to an american option in the
sense that the decision maker must choose an optimal time to exercise the option. These
optimal triggers will be the focus of this paper.
The R&D project will be subject to two sources of risk: technical risk and market risk
Technical risk is uncertainty associated with the success of the R&D and the costs required
to do so. Market risk is uncertainty associated with the cash ows that the rm would receive
once the product is released: these would arise because of market factors such as demand,
and marginal costs of production.
The model is somewhat simplied compared to others in the literature. The factors that
aect the timing of R&D investment, and may even cause R&D to be delayed for a signicant
time, are important problems that merit investigation. However, we would require closed-
form results to facilitate intuitive understanding of the response behavior. As the aim of this
paper is to examine the response behavior of the optimal investment trigger for R&D, rather
than give a precise estimation for the value of an R&D project, simplications were made to
keep the model tractable.
3.1 Modeling Technical Uncertainty
The model consists of two stages, a development stage and a commercial stage. The com-
mercial stage may be reached upon success of the R&D project in the development stage.
The success probability depends on the investment into the project. If the investment is
made, then with some probability the R&D project will be successful and generate an op-
tion. The intensity of the investment can usually be selected by the decision maker. Thus,
if the decision maker invests at an intensity Ct, she will incur costs of Ctdt until the time
of success. The success of the project is modeled as a Poisson process. With an intensity
λ(C), λ(Ct) ≥ 0 the investment will generate an investment opportunity analogous to an
American call option on the payo stream during dt, where λ(Ct) is an increasing function
of Ct. We will assume that λ(0) = 0.




C λ(Ct) = λ λ ≥ 0
0 λ(Ct) = 0
The Ct is normalized to take values of either a constant C or 0. This measure is taken
because the Hamilton-Jacobian-Bellman equation derived later ends up becoming intractable














maximize the value, the resulting dierential equation becomes highly non-linear while also
being inseparable.
3.2 Modeling uncertainty concerning future payos
Upon success of the R&D, the rm receives an investment opportunity that will return an
uncertain cash ow stream. I assume that the net payo values of the underlying project π
will evolve as an arithmetic Brownian motion process:
dπt = αdt+ σdWt
I assume an arithmetic Brownian motion process, rather than the geometric Brownian motion
process used by many in the literature, because I wish to allow for net payo values reaching
negative values. Note that these payos are instantaneous net prots that will only be realized
when the production opportunity is exercised. However, we will assume that the process is
common knowledge, so at any time the decision maker can make her decision based on her
expectations of π.
3.3 The decision maker's optimization problem
If R&D has succeeded, an option on a production opportunity is generated, and the decision
maker may choose an optimal exercise time to maximize the present value of expected cash
ows. The decision to go forth with the investment will incur a xed cost K. We assume the
decision maker is risk-neutral, and discounts future payos exponentially at a constant rate
ρ. The expected future cash ows after the exercise of the American option are obtained by
EτP [πtP ] = πtP + α(tP − τP ), tP > τP









is the conditional expectation of πtp conditional on the information
































The decision maker chooses a time to begin investment in R&D τR to solve the following








πs · 1[s>τP ] − Cs · 1[τR<s<τS ]
)
ds−D(t, τP ) ·K|Ft
]
where D(t, s) is the discount function (here it is discounted by e−ρ(s−t)) , Cs is the intensity
of investment in R&D, τP is the optimal time to exercise the American call option, and τS is
the time of success for R&D (τS ≤ τP ). t stands for the current time. The indicator function
on πs thus equals 1 if the American option is exercised, and 0 if not. The indicator function
of Cs indicates that there is a cost incurred because of the R&D investment from when R&D
investment is started until success time τS, and no cost incurred because of R&D investment
after R&D success.
3.4 The value of the American call option
We have assumed that R&D will generate an American call option on the underlying cash
ow. In this section we focus on the value of the option and optimal exercise trigger for the
option. The decision maker must choose an exercise time for the option so as to maximize






D(t, s)πs · 1[s>τP ]ds−D(t, τP ) ·K|Ft
]
Using standard arguments from real options literature such as Dixit and Pindyck (1994), we







(π)− ρV (π) = 0, π ≤ π∗ (1)
If the underlying process is stochastic, the optimal trigger will take the form of a critical
value π∗ such that if π ≥ π∗, it will be optimal to exercise the option. The boundary














V (−∞) = 0 (4)
Equation (2) is the value matching condition, and (3) is the smooth pasting condition. Equa-



















−K. The smooth pasting condition makes sure that the value
of the option is maximized. The third condition insures that the value of the option will not
explode as π goes to negative innity.
To nd the solution to the dierential equation, we can see that the root of the charac-










Because of (4), we see that k2 = 0.









































































































and thus if the level of net protsπis greater than π∗, the option on the production opportunity
will be exercised.






4 The value of the R&D process












Let πRD be the optimal threshold at when to start investing in the R&D project. Again,
this means that when π ≥ πRD it will be optimal to start investing in R&D. Note that
πRD is independent from π
∗, the optimal exercise trigger for the option on the production
opportunity. Thus, πRD may be greater than or less than π
∗, and according to the position of
πRD relative to π
∗, the Hamilton-Jacobian Bellman equations will have dierent continuation
functions.
When the production option is generated, depending on the level of π compared to π∗,
the decision maker's continuation value function will have dierent values. If the level of
π when the production option is generated is less than π∗, then the continuation value will
equal that of the production option value when π < π∗. This case can only happen when
πRD < π
∗. If the level of π when the production option is generated is greater than π∗, then



















4.1 When πRD < π
∗
We rst look at the case when πRD < π
∗. This case indicates that the optimal trigger to
start investing in R&D is lower than the optimal exercise trigger for the option generated.
Upon success of the R&D, the prot levels may or may not have reached the optimal exercise
trigger for the option on the production opportunity.
1. When π < πRD, the value function N(π) of the R&D project will be equal to zero,
because the investment in the R&D project has not yet been made, and therefore the
R&D project will not generate the call option.
2. When πRD ≤ π < π∗, the Hamilton-Jacobian-Bellman equation for the R&D process







(π)− C + λ(C) [V (π)−N(π)]− ρN(π) = 0 (7)
where V (π) is the value of the option generated by the R&D process. The option
arrives with an intensity λ(C), and at the arrival of the option the value function of the
R&D is equal to the value function of the option. The case we are interested in is the
case where investments are being made. Using the simplications to the investment
cost and arrival intensity made above, the HJB equation when πRD < π ≤ π∗ and





l (π) + αN
′
l (π)− C + λ [V (π)−Nl(π)]− ρNl(π) = 0 (8)
When investments are not being made, the option will not be generated and the value
of R&D will still equal zero.
3. When π > π∗, the value function of the R&D is equal to the value function of the
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− ρNh(π) = 0 (9)
Equations (8), and (9) are subject to the value matching and smooth pasting conditions,
Nl(πRD) = 0 (10)
N
′
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